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instability Results for Reaction Diffusion Equations 
with Neumann Boundary Conditions 
There has been considerable interest in the study of reaction-diffusion 
equations which occur in the modeling of chemical reactions and population 
growth. Given the appropriate initial and boundary conditions these equations 
describe the time evolution of the svstem. Here the case of no flux boundarv 
conditions is treated which represents the fact that there is no flow in or out of 
the region. 
Let R C 173” be a bounded domain with smooth boundary. Then we study the 
svstem of equations for u (u, , II? ,..., 1~~) 
hl,:‘it l); Au, in f,(u) for (t, x) E (0, c0) H, i mm I , 2,.. , k, (1) 
with houndarv conditions 
iu;/in 0 on [0, so) Y i’R, i I , 2,. ..) k, (2) 
where 12 is the outward normal and with initial conditions 
~~(0, x) given on R, i -- I , 2 )..., k. (3) 
Abow I), 0, A is the I .ap dcran m the variables s, 1, and the functions f, arc 
functions of class C1(Rk). 
A solution of Eq. (I) satisfying boundary conditions (2) which is time inde- 
pendent is called an equilibrium (solution). These solutions are of importance 
since, under certain conditions, they play a role in the possible limiting behavior 
of the model as time increases. In general, the problems of existence and location 
of nonconstant equilibrium solutions are very difficult. This difficulty makes the 
stability properties of nonconstant equilibrium solutions an important problem. 
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If an equilibrium solution is unstable, then in some sense, it lacks physical 
significance. In this paper we study the stability properties of nonconstant 
equilibrium solutions. In an earlier paper [2] we have treated the stability 
properties of constant equilibrium solutions. 
This paper deals primarily with the case of a single reaction diffusion equation 
(lz =z 1). First, we introduce our stability concepts. Then we deri1.c conditions 
both on the functionf, and the domain R which guarantee that any nonconstant 
equilibrium is unstable. Theorem 2 shows that any nonconstant equilibrium is 
unstable in a convex domain and Theorem 3 shows that an! nonconstant 
equilibrium is unstable if fi is convex or concave. \Vc conjecture that any 
nonconstant equilibrium is unstable. \\-e mention, however, that this 
conjecture is false if the boundary conditions are changed. See [6]. This conjec- 
ture is also false in the case fi is allowed to have esplicit spatial dependence, 
fl = fl(x, u). See [5]. 
In Section 3 we briefly treat system (I) of reaction-diffusion equations. M-e 
discuss the difficulty in extending the analogous stability concepts corresponding 
to those of the single equation case. \Vith a different concept of stability, we give 
an example of a stable nonconstant equilibrium solution. The construction of the 
example requires that the diffusion coefficients be unequal. 
2. THE SINGLE EQUATION CASE (h = 1) 
First, we discuss the question of existence of solutions to (I), (2), (3), and our 
stability and instability concepts. The subscript i is dropped and for studying 
stability properties we may assume without loss of generality that D =-~ 1. 
Throughout we shall assume that there exists P > 0 such that ,f(u) > 0 for 
u < -P andf(u) < 0 for II > P. 
Let H’(R) denote the Sobolev space of functions 4 such that + and +,,,, . 
i -= I, 2,..., II, are in L2(R) and let // I/ denote the Sobolev norm on W(R). Let S 
denote the subset of W(R) such that if 4 E X, then -P < +(x) < P for all 
x E I? and 91 satisfies &$/in = 0 for all x E SR. Under more general assumptions 
than allowed here Fleming [5, Appendix] has established the existence of a 
weak solution to (l), (2), (3) provided the initial data are in S. Additional 
smoothness properties on the solution depend on the smoothness of the functi0n.f 
and the domain Q. For example, iffE P--oc), cg) and Q is of class P, then 
any solution to (l), (2), (3) is of class C=((O, CO) x G) and any equilibrium 
solution (satisfying (1) and the boundary condition (2)) is of class P(a). See 
Agmon et al. [l]. 
Let u1 denote the so!ution to (l), (2) with initial condition ~(0, X) = &(x), 
x E R. We first introduce a concept of I,)-apunov stability with respect to the /’ II 
norm. An equilibrium solution is is called stable if for each E > 0 there exists 
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6 > 0 such that if 4 E X and 1’4 - u 11 < 6, then /I &(t, .) .- II i e c for all 
1 > 0. An equilibrium solution is called unstable if it is not stable. 
We then have the following result which is the obvious modification of IS, 
Lemma 3. I]. 
‘L’HEOREM 1. Assume that an equilibrium u is isolated in the 1 norm. For 
v E H1(R) dejne 
ff there esists v E HI(R) such that Z(v) ;. 0, then ti is unstable. 
It is useful to relate the above definition of instability and the criterion in 
Theorem 1 to the formal concept of instability defined with respect to lineariza- 
tion of Eqs. (l)-(3). We proceed formally. Linearization of (1) about the 
equilibrium u results in the linear equation 
vt = : do + f’(qx))v (5) 
with boundary condition %v/%n mu 0 on (0, GO) x bR and initial condition ~(0, X) 
$(x) given on K, # E ,Y n C’(R). One then defines the equilibrium u to be stable 
if for each initial condition #, the solution satisfies ~up,,“.~~R j c(t, x)’ < a. ‘The 
solution is called unstable if there is a $ such that sup, .O.rE~ i v(t, x)’ c;c. 
Now suppose there exists zs such that in (4), Z(z?) 0. Define A* mm sup,. Z(a), 
where T- consists of the set of functions I$ E H’(R) satisfying JR @ rJ,v 1. Then 
,I* is the largest eigenvalue corresponding to the operator dv “f ‘(ti(s))z’ with 
zero Seumann boundary conditions on iR, and hence there exists a function 
4” E C’(n) n A- which is positive on R such that eA*t#+(.v) is a solution to the 
linearized problem (5) with zero Neumann boundary data. See [4, p. 3991. Since 
A” >, Z(T) :‘- 0, then the solution grows exponentially in time and u is unstable 
with respect to linearization. 
Thus the existence of a function T such that I(@) ._% 0 has implications for 
instability both with respect to the Lyapunov concept and the formal concept of 
linearization. Q’e now find conditions guaranteeing that for a nonconstant 
equilibrium zi, there exists 7: such that Z(V) ;-. 0. First, we give an instabilit) 
result which depends only on the domain R and not on the functi0n.f. 
‘I’HEOWM 2. Suppose that R is a convex subset of W and u is a nonconstant 
equilibrium solution of class P(R). Then u is unstable. 
Proof. First consider the case N _ 2. LVe must show that there exists ZL’ E J’> 
such that Z(W) ‘._ 0. The functions u., , satisfy 
Ju,,.J f ‘(44) u,,.: 0. (6) 
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Multiplying (6) by uzt and applying the divergence theorem we obtain that 
I&) = - jaR uri(x) (vj da. 
Hence 
-J 
8R 
Vu(s) . ,“, (VU(X)) da. 
CVe now show that at each point x E SR 
T-U(x) - g (Vu(x)) < 0. (8) 
Without loss of generality let x’ be the origin of the coordinate system and suppose 
that N, = g(x, ,..., .X,-J is a convex function whose graph describes the boundary 
of R in some neighborhood of the origin and is such that at the origin the -x,, 
axis is in the outward normal direction. Then 
since u,. (0) n = L?u,‘in(O) = 0. Now i;uji;in = 0 on R is equivalent to 
n-1 
; U&l >*..> %-1 , g(.y, ,...> %-1)) R&l ,"., X&l) 
-- U&"l )..., x7,-1 ) g(x, )...) q-1)) = 0. 
('0) 
Differentiation of (10) with respect to si , j = 1, 2,..., ?z - 1, yields 
since the origin is a minimum point for g and consequently g,*(O) = 0, 
i =- 1, 2,.,., n - 1. Substituting expressions (11) for ~~~~~(0) into (9) one obtains 
that 
Vu(O) . ; Vu(O) r= -y ‘il g,.*,,(O) us,(O) UJO). (‘2) 
i-1 ,-I 
Since g is convex the right side of (12) is nonpositive. This establishes (8). 
As a consequence of (7), (8) we obtain that Z(U~,) >, 0 for at least one i for which 
u,, is not identically zero. Now any function I/ which achieves the value h* == 
su;)r Z(s) does not vanish in ii. (See [7, p. 5701.) Since Z(U,~) > 0 and at some 
point of i3R uzi coincides with ih/& =.- 0, then we must have X* > 0. This 
establishes the theorem for k ‘2 2. 
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\Ve now consider the case k 1. Since I(du/dx) 0 and dujdx = o on i I?, 
then a similar argument shows that A:’ ‘> 0. 1 
Remarks. Let us also give a geometrical ‘justification” in two dimensions of 
inequality (8). Since &/ijn =~ 0 on iR, then the curves u =m c intersect the 
boundary in the direction of the normal. Since K is convex, then the level 
curves u = c are not converging as you move outward in the region toward the 
boundary. Hence 
which is equivalent to (8). 
Convexity of the domain is not necessary. If the region R is of a special form, 
then we can still establish instability of any nonconstant equilibrium. For 
example, this is true if R C UP is an annulus. The method of proof consists in 
changing to polar coordinates (Y, 0) and showing that Z(u,) = 0 and I(u,) > 0 
if u0 is identically zero. 
We now derive conditions on the function f which guarantee that a non- 
constant equilibrium solution is unstable, independent of the domain. First WC 
make the trivial observation that if u is a nonconstant solution such that 
i f’(u(x)) dx > 0, 
*R 
(13) 
then u is unstable. This follows from the fact that I(a) : 0 for z’ L 1. (It is 
however, easy to construct examples in one spatial dimension of nonconstant 
equilibrium solutions for which inequality (13) is not true.) 
If the function f is strictly convex or strictly concave, then any nonconstant 
solution is unstable. In fact we have the following. 
THEOREM 3. Let u be a nonconstant equilibrium solution with values in [a, b]. 
If either f n >- 0 on [a, b] OY f” < 0 on [a, b], then u is unstable. 
Proof. The case f M > 0 is considered first. Let r 1: minz,R U(X), then we 
establish instability by showing that I(u - c) ‘3, 0. Kow 
Z(u - c) ==: f - ( V(u(x) -- c)l’ +,f’(u(x))(u(x) - c)~ dx 
‘R 
Above we have used the fact that for an equilibrium solution 
s / Vu(x)i2 d  ~- i u(x) f(u(x)) d  R ‘R 
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and 
J* /(u(x)) d,x =:: 0. 
Using the generalized maximum principle one obtains that j(c) .< 0. This is 
true even though the maximum may occur on the boundary of R. 
From the condition onf” we have that if u(x) +- c, then 
Therefore 0 > f(u(~)) - ~‘(u(x))(u(x) - C) if U(X) > c and hence I(” - c) > 0. 
The proof of the case whenf” < 0 follows in a similar manner except now 
we take c = max,,E U(X) and note that f(c) > 0. 1 
3. THE SYSTEM CASE 
We now treat briefly the system case k > 2 in (l)-(3). The extensions to the 
system case of the Lyapunov definitions of stability are straightforward. Unfor- 
tunately Theorem 1 fails to generalize except for possibly the very special case 
when there exists a real-valued function F(u, ,..., up-> such that Z/aui = f?(u), 
i = 1, 2,..., k. Hence we do not pursue this approach further. 
Instead, let us consider the stability concepts obtained from formal lineariza- 
tion. To determine the stability properties of an equilibrium u = (ul ,..., uk) 
we consider the system obtained by linearizing (1) about u. The system for 
v = (vu1 ,..., vk) is 
$ = D,Av, + fl 2 (U(X)) 7-j on (0, co) x R, (14) 
3 
with zero Neumann data &,/8n = 0 on (0, CO) x i?R. If there exists a solution to 
(14) with zero Neumann boundary data which is unbounded on [0, co) x R, 
then we define u to be unstable. If all solutions to (14) with zero Neumann 
boundary data are bounded, then we define u to be stable. 
We construct an example to show that one can have a stable nonconstant 
equilibrium in case the diffusion coefficients Di are unequal. Since the equation 
for this example is linear, then stability with respect to linearization does have a 
precise interpretation. 
EXAMPLE 1. Let R = (0, r) and suppose that (I) is 
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The technique of eigenfunction expansions can be used to find solutions to (I 5) 
with zero Neumann boundary conditions. Let Xj ~= jz and &(x) -~ cos js denote 
the eigenvalues and eigenfunctions of 4”(x) $ X4(x) = 0, d’(O) : cl,‘(n) 0. 
Define 
Aj = 
[ 
5 --j2 1 
-100 1 -10 - 157 . 
Then eAjf satisfies 
deAlt,‘dt z AdjeA~t 
with initial condition eAjo -em 1. Then any solution to the linear equation (15) 
satisfying the boundary conditions can be written in the form 
for some constant vectors uo,, Obviously, nonconstant equilibrium solutions 
arise when for some 71 > 1, il,, has a zero eigenvalue. An easy calculation shows 
that the matrices il, , A, , 9, ,..., have eigenvalues with negative real parts while 
A, has a negative and a zero eigenvalue. Corresponding to this zero eigenvalue 
there is an equilibrium solution (cos X, -4 cos 3)‘. Linearization about the 
equation results in the same equation (15) f or u since (15) is linear. Since the 
eigenvalues of A, , A, , 13, ,..., have nonpositive real parts, then the solution 
( cos s, -4 cos x)’ is stable. 
If the diffusion coefficients for a linear system (1) had been equal, then it 
would have been impossible to construct a stable nonconstant equilibrium 
solution. For a nonconstant equilibrium solution to exist there must be a zero 
eigenvalue of A, for some n --: 1. Since the diffusion coefficients are equal, then 
--lo has a positive eigenvalue X * S-Z 0. Thus for some constant vector c, ~e’\*~ is
a solution of the linearized equation and hence the nonconstant equilibrium is 
unstable. 
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